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ABSTRACT
Orbital properties of stars, computed from their six-dimensional phase space measurements and
an assumed Galactic potential, are used to understand the structure and evolution of the Galaxy.
Stellar actions, computed from orbits, have the attractive quality of being invariant under certain
assumptions and are therefore used as quantitative labels of a star’s orbit. We report a subtle but
important systematic error that is induced in the actions as a consequence of local midplane variations
expected for the Milky Way. This error is difficult to model because it is non-Gaussian and bimodal,
with neither mode peaking on the null value. An offset in the vertical position of the Galactic midplane
of ∼ 15 pc for a thin disk-like orbit or ∼ 120 pc for a thick disk-like orbit induces a 25% systematic
error in the vertical action Jz. In FIRE simulations of Milky Way-mass galaxies, these variations are
on the order of ∼ 100 pc at the solar circle. From observations of the mean vertical velocity variation
of ∼ 5–10 km s−1 with radius, we estimate that the Milky Way midplane variations are ∼ 60–170 pc,
consistent with three-dimensional dust maps. Action calculations and orbit integrations, which assume
the global and local midplanes are identical, are likely to include this induced error, depending on the
volume considered. Variation in the local standard of rest or distance to the Galactic center causes
similar issues. The variation of the midplane must be taken into account when performing dynamical
analysis across the large regions of the disk accessible to Gaia and future missions.
Keywords: Milky Way disk – Milky Way dynamics – Milky Way evolution – Galaxy structure – Orbits
– Stellar dynamics
1. INTRODUCTION
Our understanding of the Milky Way is currently un-
dergoing a revolution as a result of Gaia Data Release 2
(DR2). Recent major discoveries include the affirmation
of remnants of a major merger (Koppelman et al. 2018;
Belokurov et al. 2018; Helmi et al. 2018; Lancaster et al.
2019; Mackereth et al. 2019) hinted at in pre-Gaia work
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(e.g., Meza et al. 2005; Navarro et al. 2011), a phase-
space “spiral” in the solar neighborhood (Antoja et al.
2018) possibly indicating local substructure infall (Bin-
ney & Scho¨nrich 2018; Laporte et al. 2019), and a gap
suggestive of perturbation by a dark matter subtructure
in the tidal stream GD1 (Price-Whelan & Bonaca 2018;
Bonaca et al. 2018). These discoveries all indicate that
the Milky Way’s stellar distribution, which demonstra-
bly departs significantly from axisymmetry, is undergo-
ing phase mixing and dynamical interactions across a
range of spatial and temporal scales.
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The assumption of a global, axisymmetric Galacto-
centric coordinate system (Binney & Tremaine 2008)
underlies much of the quantitative analysis of the mech-
anisms that give rise to these signatures. In order to
construct such a system, the Sun’s relative position and
velocity must be defined and measured both precisely
and accurately. This involves determining the angular
position of and distance to the Galactic center, the ori-
entation of and distance to the Galactic midplane, and
the local standard of rest (LSR). We review and discuss
the observational efforts to measure these parameters in
Section 4.2.
Once a Galactocentric coordinate system has been es-
tablished and a six-dimensional (6D) phase space mea-
surement of a star has been made, it is often desirable
to convert this measurement into action space to con-
cisely summarize its projected orbit, model the stellar
distribution function, or find stars with similar dynam-
ical properties. Actions are conserved quantities that
describe the orbit of a star under the assumption of reg-
ular, bound orbits in a system where the equations of
motion are separable in a particular coordinate system.
They are the cyclical integral of the canonical momen-
tum over its conjugate position:
Ji ≡ 1
2pi
∮
orbit
pi dxi, (1)
where pi are the conjugate momenta. Under the as-
sumption of axisymmetry, i = R,φ, z are the radial,
azimuthal, and vertical coordinates respectively in a
cylindrical coordinate system. In a slowly-evolving ax-
isymmetric potential, these actions are invariant and
Jφ ≡ Lz, where Lz is the z-component of the angular
momentum (Binney & Tremaine 2008; Sellwood 2014).
With the advent of 6D phase-space measurements over
a relatively large (& 2 kpc) volume from the Gaia satel-
lite, the study of stellar actions has gained new pop-
ularity. One reason is dimensionality reduction — an
individual stellar orbit is concisely described by three
actions, as opposed to six phase space coordinates. Sec-
ond, under the assumption of a phase-mixed system, the
dynamical properties of a population of stars should be
uniquely a function of their actions and independent of
the conjugate angles. This allows one to use actions
to study the relationship between orbital properties of
stars and other intrinsic, and, at least partially, invari-
ant properties such as age or metallicity (Beane et al.
2018; Ting & Rix 2018; Sanders & Das 2018; Gandhi &
Ness 2019; Das et al. 2019; Bland-Hawthorn et al. 2019).
Actions also provide a convenient basis for constructing
models of the stellar distribution function (e.g., Jeans
1915; Villumsen & Binney 1985; Trick et al. 2017), or for
associating stars with similar dynamical properties, e.g.,
to potentially determine membership in moving groups.
If the system being considered departs from axisym-
metry in a significant and/or non-adiabatic way, the ac-
tions computed using an axisymmetric approximation to
the true potential can exhibit cyclic dependence on the
orbital phase (or time at which the star’s position and
velocity are observed), large-scale migration, or diffusion
from their initial values. In the Milky Way, stellar ac-
tions are expected to diffuse on short time scales due to
scattering with gas clouds and to evolve on longer time
scales in the case of orbits near resonances with spiral
arms, bar(s), and other large scale perturbations (Sell-
wood 2014). For this reason, actions have been used to
study stellar scattering in the Milky Way disk using the
improved astrometry of Gaia DR2 and various age cat-
alogues (Beane et al. 2018; Ting & Rix 2018). Actions
have also been used to study different models of spi-
ral structure in the Milky Way (Sellwood et al. 2019).
Characteristics of the distribution of stars in the ex-
tended solar neighborhood in action space are discussed
in Trick et al. (2019).
The true Galactic potential is not strictly axisymmet-
ric. This has been known for some time (e.g., Kerr 1957;
Minchev et al. 2009; Widrow et al. 2012), but with the
vast improvement in the quality of phase-space measure-
ments due to Gaia the assumption of axisymmetry is in-
creasingly inadequate (e.g., Antoja et al. 2018; Laporte
et al. 2019). Even if this assumption were close enough
for many purposes, the parameters used in axisymmet-
ric models of the Galactic potential may be inadequately
constrained by current observations.
Small-scale variations in the density of gas and stars
cause the local midplane position to vary as a function
of radius and azimuth. Stars far from the Sun have a
local midplane that differs from our local midplane ex-
trapolated onto their position. Converting positions and
velocities of more distant stars from a heliocentric to a
Galactocentric coordinate system thus introduces a sys-
tematic bias in the z coordinate. We show that this bias
induces non-Gaussian errors in the actions computed for
these stars. The further from the solar neighborhood the
target star is, the more likely the mismatch will result
in large systematic uncertainty, especially in the vertical
action Jz. A similar argument applies to any remaining
uncertainty in measurements of the Galactocentric ra-
dius of the Sun, and to variations in the LSR.
In Section 2, we describe the general impact coordi-
nate system errors have on the measured actions. In
Section 3, we examine the azimuthal variations of the
midplane itself in examples from two classes of simu-
lations: cosmological, hydrodynamical, zoom-in simula-
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orbital phase
z
Figure 1. Illustration showing the effect an error in the determination of the coordinate midplane can have on orbit integration
and action estimation. The x-axis shows the orbital phase and the y-axis the vertical height. The top gray curve depicts an
example “true” orbit oscillating about the true midplane (horizontal solid gray line). Consider an observer who erroneously
assumes the midplane is located at the horizontal dashed line. Suppose this observer measures the phase-space position of the
star at two different orbital phases (teal and orange points). If the observer were to then integrate the star’s orbit using a
model potential with the erroneous midplane, they would obtain the teal and orange curves for the star’s orbit, respectively.
The actions estimated from these two erroneous measurements would subsequently differ, both from each other and from the
true measurement (in the potential with the correct coordinate system). Hence an incorrect midplane in the potential model
assumed will induce phase dependence in the actions estimated for a given star in that potential.
tions of isolated Milky Way-mass galaxies from the Feed-
back in Realistic Environments (FIRE) collaboration1
(Hopkins et al. 2014; Wetzel et al. 2016; Hopkins et al.
2018), and a controlled N-body simulation of a Sagit-
tarius encounter with a galaxy otherwise tailored to the
stellar mass, scale length, and scale height of the Milky
Way (Laporte et al. 2018). In Section 4, we discuss the
implications of midplane variations, and the resulting
systematic uncertainty in the vertical action, for action-
space analyses. We also estimate the expected midplane
variations of the Milky Way based on the observed ve-
locity variations and three-dimensional dust maps. We
summarize our main results and conclude in Section 5.
2. MOTIVATION
We first demonstrate the significance to action compu-
tations of a systematic offset in the determination of the
Galactic midplane, distance to the Galactic center, or
LSR. We will find that such offsets are especially impor-
tant for disk-like orbits. The consequences we explore
here may also arise from various other systematic errors.
For instance, the axisymmetric Galactic potential model
used in many works to compute actions may not be a
good description of the true potential — or the param-
1 https://fire.northwestern.edu
eters used may yield a potential that is systematically
incorrect outside an original fitted region. In this work,
we assume that the Galaxy is perfectly described by our
model axisymmetric potential, and simply explore the
consequences of offsets in the Galactocentric coordinate
system.
2.1. Effect of Midplane Offset
We present an illustration of an orbit in Figure 1 to
show how an inaccurate or erroneous determination of
the midplane leads to a dependence on orbital phase
of the value of the actions calculated from a point in
phase space and an assumed potential model. The x-
axis corresponds to orbital phase and the y-axis to ver-
tical height. The solid gray curve indicates the true orbit
of the star as it oscillates around the true midplane. The
dashed gray line, offset from the true midplane, is the
midplane location used by an observer to integrate the
orbit of the star and estimate its actions. The model
potential is otherwise identical to the one in which the
star is actually moving.
Now suppose this observer makes a measurement of
the star’s position and velocity at the teal point or the
orange point (i.e., at two different orbital phases). Then,
the teal and orange curves correspond to the orbits that
the observer would compute for each point based on
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the potential model with the offset midplane. In action
space, this would correspond to a different value of Jz
for the teal and orange points. In this way, assuming the
wrong coordinate system induces a phase-dependence in
the actions estimated for the star, which in the correct
potential (in this example, the one with the correct mid-
plane) should be phase independent.
This example uses an offset in z, but analagous ef-
fects occur from offsets in other coordinates, such as
the distance to the Galactic center or the LSR. A sim-
ilar effect in which actions gain time-dependence due
to a time-varying potential was pointed out by Buist &
Helmi (2015).
2.2. Epicyclic Approximation
Before turning to numerical methods, we derive ana-
lytic expressions for the systematic error in the actions
induced from offsets in the position (e.g., the midplane
or Galactic center distance) or velocity (e.g., the LSR)
of the assumed coordinate system’s origin.
We use the epicyclic approximation, which assumes
that the motion in the z and R components of the orbit
are decoupled and follow simple harmonic motion about
a circular and planar guiding orbit (Binney & Tremaine
2008, Section 3.2 and references therein). The radius of
this orbit is referred to as the guiding radius Rg. This
approximation is an excellent description of the thin disk
and a good description of the thick disk in an axisym-
metric potential that ignores the influence of the Galac-
tic bar and spiral arms. We also make the assumption of
a perfectly flat circular velocity curve with vc(R) = vc, a
good approximation near the solar circle (e.g., McMillan
2017).
Under this approximation, we can write down the
cylindrical components of the orbits as
R(t) = Rg +AR sin (κt+ α)
φ(t) = Ωct
z(t) = Az sin (νt+ β),
(2)
where κ and ν are the radial/epicyclic and vertical fre-
quencies, Ωc ≡ vc/Rg is the orbital frequency of the
guiding center, AR and Az are the amplitudes in the ra-
dial and vertical coordinates, and α and β are the initial
orbital phases. Similarly, the velocities of the orbit are
given by:
vR(t) = κAR cos (κt+ α)
vφ(t) = vc
vz(t) = νAz cos (νt+ β).
(3)
In this case, the azimuthal action is (Binney &
Tremaine 2008, Section 3.5.3b):
Jφ = Rgvc, (4)
and the radial and vertical actions are
JR = ER/κ
Jz = Ez/ν,
(5)
where ER and Ez are the energy per unit mass in the
radial and vertical coordinates, respectively. Therefore,
JR =
v2R + κ
2(R−Rg)2
2κ
Jz =
v2z + ν
2z2
2ν
.
(6)
Using Equations (2) and (3), we can simplify this:
JR =
κA2R
2
=
v2R,max
2κ
Jz =
νA2z
2
=
v2z,max
2ν
,
(7)
where the last equality in each line comes from the fact
that vR,max = κAR and vz,max = νAz.
Notice that while the value for each of Jφ, JR, and Jz
is phase independent, the contribution from the kinetic
and potential terms in Equation (6) is phase dependent.
Now assume that the coordinates (R, z, vφ, vR, vz) are
offset by (∆R,∆z,∆vφ,∆vR,∆vz). We can then ap-
ply the standard propagation of errors formula to Equa-
tion (6) to determine the error in each of the actions.
For JR, the induced error is:
∆JR
JR
=
2(R−Rg)
A2R
∆R+
2vR
v2R,max
∆vR. (8)
For Jφ, the induced error is:
∆Jφ
Jφ
=
∆R
Rg
+
∆vφ
vc
. (9)
For Jz, the induced error is:
∆Jz
Jz
=
2z
A2z
∆z +
2vz
v2z,max
∆vz. (10)
We have ignored second order contributions.
Since most of the time stars will be at maximum am-
plitude (i.e., turnaround) in both R and z, we can ap-
proximate the order of magnitude of the systematic error
in the actions by
∆JR
JR
=
2∆R
AR
∆Jφ
Jφ
=
∆R
Rg
+
∆vφ
vc
∆Jz
Jz
=
2∆z
Az
,
(11)
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Table 1. Names and properties of the three orbits considered in this work, where zmax is the maximum height of the orbit,
1
2
(Rmax−Rmin)
is the magnitude of the radial excursions of the orbit, and κ and ν are the radial/epicyclic and vertical frequencies of the orbit. In the
epicyclic approximation, Az = zmax and AR =
1
2
(Rmax −Rmin).
name
initial
position
initial
velocity
JR Jφ Jz zmax
1
2
(Rmax −Rmin) κ ν
(kpc) (km s−1) (kpc km s−1) (kpc km s−1) (kpc km s−1) (kpc) (kpc) (Myr−1) (Myr−1)
thin-disk (8, 0, 0) (0,−190, 10) 40 −1500 0.69 0.12 1.3 0.049 0.093
thick-disk (8, 0, 0) (0,−190, 50) 33 −1500 23 0.85 1.2 0.048 0.061
halo (8, 0, 0) (0,−190, 190) 33 −1500 530 6.2 2.3 0.033 0.025
where we have again ignored second order terms.
In the remainder of this section, we compare our an-
alytic estimates of the effect of a midplane offset on ac-
tions against numerical calculations. A numerical evalu-
ation of the effect of velocity offsets on actions is deferred
to future work, as we discuss in Section 3.4.
2.3. Numerical Methods
We now quantify the argument made in Section 2.1
using numerical computations of the actions for a range
of orbits in a model Galactic potential. We compute ac-
tions as in Beane et al. (2018), using the code gala v0.3
to perform orbit integrations and conversion to action
space (Price-Whelan 2017; Price-Whelan et al. 2019).
To compute actions we use the torus-mapping technique
first presented by McGill & Binney (1990) and adapted
by Sanders & Binney (2014) to calculate actions for an
orbital time-series starting from a phase-space position
(x, v) and integrated in a potential Φ. For our Galac-
tic potential we use MWPotential, based on the Milky
Way potential available in galpy (Bovy 2015), which in-
cludes a Hernquist bulge and nucleus (Hernquist 1990),
a Miyamoto–Nagai disk (Miyamoto & Nagai 1975), and
a Navarro, Frenk, & White 1997 halo, and is fit to empir-
ically match some observations. We use the Dormand-
Prince 8(5,3) integration scheme (Dormand & Prince
1980) with a timestep of 1 Myr and integrate for 5 Gyr,
corresponding to ∼ 20 orbits for a Sun-like star.
We assume the Sun is located at (8.2, 0, 0) kpc. None
of our orbit integrations depend on the value of the LSR
in this toy potential (though this is important when
using real data, since the conversion from heliocentric
to Galactocentric coordinates depends on the LSR). In
this potential, we have that the circular velocity vcirc is
231 km s−1 at the solar circle.
Other methods for computing actions are used in the
literature. For example, the Sta¨ckel Fudge method
(Sanders & Binney 2016), which uses a single Sta¨ckel po-
tential (with analytic actions) to approximate the Galac-
tic potential (de Zeeuw 1985; Binney 2012), was used
in many recent works exploring actions in the Galactic
disk (e.g., Trick et al. 2019; Sanders & Das 2018; Ting
& Rix 2018). For disk-like orbits, existing implementa-
tions of the Sta¨ckel Fudge method are of acceptable ac-
curacy, but since we also consider halo-like orbits in this
work (where the Sta¨ckel Fudge method is inaccurate)
we choose to use orbit integration and torus mapping
throughout (Sanders & Binney 2016).
2.4. Quantification of the Midplane Effect
We now quantify how a systematic error in the Galac-
tocentric coordinate system induces phase-dependence
in the actions calculated from the observed position and
velocity of a star. We consider three orbits in the model
potential described in Section 2.3 that are typical of
stars in the thin disk, thick disk, and halo. We sum-
marize their initial positions in phase space, the actions
computed by integrating their orbits in the correct po-
tential, and other properties in Table 1. Each orbit,
integrated without systematic coordinate errors, is plot-
ted in Appendix A. We will refer to these orbits by their
names (thin-disk, thick-disk, halo) henceforth.
We begin with thick-disk. Consider an observer who
can measure the orbit’s phase-space position at many
different times (and hence different orbital phases), but
does so using a coordinate system in which the mid-
plane is systematically offset in height by 100 pc from
its actual location. To model this we subtract the vec-
tor (0, 0, 100) pc from each position in the orbit. This
corresponds to an observer physically located at, e.g.,
the position (8, 0, 0) kpc in the coordinate system of the
true potential, but erroneously thinking they are located
at (8, 0, 0.1) kpc.
We consider the observer making a measurement, inte-
grating an orbit, and computing actions every megayear
using the prescription above. However, we specify the
star’s starting position using the systematically offset
coordinate system. Essentially we are shifting and then
reintegrating at each point along the original orbit. The
actions computed using the offset coordinate system for
6 Beane et al.
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Figure 2. The artificial phase-dependence in the computed actions with an error in the Galactocentric coordinate system. We
consider here thick-disk, which has actions of (JR, Jφ, Jz) = (38,−1500, 7.0) kpc km s−1 and zmax = 850 pc (see Table 1). We
integrate the orbit according to the procedure laid out in Section 2.3, and which we plot in Appendix A. Then, we subtract
100 pc from the z value (upper panels) or the x value (lower panels) of each position in the orbit, corresponding to an erroneous
observer assuming a midplane (upper) or solar radius (lower) that is off by 100 pc. We then allow an observer to measure the
orbit over 1 Gyr and perform the same orbit integration procedure at each timestep, and report the values of the actions, with
the true values given as horizontal dashed lines. The computation of Jφ is pristine to errors in z, with only numerical artifacts
remaining. Only small errors are induced in JR, with the middle 90% of values over the Gyr being within ∼ 8% of the true JR.
As expected, large errors are induced in Jz with a 100 pc offset in z, with the middle 90% of values being within ∼ 43% of the
true Jz. The x offset induces uncertainties in JR, Jφ, and Jz of ∼ 21%, ∼ 3%, and ∼ 3%.
each phase-space starting point are shown for the first
gigayear of the orbit in the upper panels of Figure 2.2
We also perform the same procedure in the lower pan-
els but assuming an x component offset of 100 pc, i.e.,
subtracting the vector (100, 0, 0) pc. This is equivalent
to a measurement error in the distance from the Sun to
the Galactic center.
Figure 2 shows that the actions computed in the off-
set coordinate systems oscillate as a function of the
time/orbital phase at which the star’s phase-space po-
sition is observed. This time dependence comes even
though the observer is using the correctly constructed,
best-fit, static, axisymmetric potential. The relative size
2 Occasionally the numerical scheme fails and very large actions
are reported by gala— we perform a 4σ clip on each action to
exclude such orbits, but this only excludes a total of 5 orbits out
of the 1000 considered for Figure 2. Some numerical artifacts
remain, but the vast majority of orbits are computed properly.
of the phase variation in each action depends on the di-
rection of the systematic offset as well as the true values
of the actions (i.e. the type of orbit). In reality, we
will have one measurement of the phase-space position
to work with, in which case the determination of the
orbital phase in R or z is degenerate with the degree
of systematic offset in that coordinate (see Figure 1).
In the following we therefore quote percentile ranges for
the possible values computed for each action as a proxy
for the effect of these systematic errors in the coordinate
system.
For a systematic offset in z (upper panels), the 95th
minus 5th percentiles are 2.2 and 6.2 kpc km s−1 for JR
and Jz, respectively. As a fraction of the true values,
these are 5.7% and 86%, respectively. The spread in-
duced in Jφ is negligible, as expected since Jφ only de-
pends on the x- and y-components of the position and
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Figure 3. A histogram of the computed values of Jz
at different orbital phases for thick-disk (top panel) and
thin-disk (bottom panel) assuming a z offset of 100 pc. One
can see that if the observed z values have a bias (from, e.g.,
an incorrectly computed midplane), then the induced error
distribution in Jz is decidedly non-Gaussian. Therefore, any
sort of error propagation must take this into account. A
heuristic explanation for the shape of each panel is given in
the text. We also plot one half the 95th percentile minus
the 5th percentile of each distribution as a horizontal arrow
anchored on the true Jz value. We call this ∆Jz and will
use it (along with the similarly defined ∆JR and ∆Jφ) to
empirically describe the error distribution. We see that ∆Jz
roughly corresponds to the distance from the true Jz value
to one of the modes of the distribution of computed Jz val-
ues. Similar plots for JR induced by a z offset and JR and
Jφ induced by an x offset are given in Appendix C.
velocity of the stars.3 It is worth pointing out that a
100 pc offset in an orbit with zmax = 850 pc — a 12%
error — induced an 86% spread in the computation of
Jz.
For a systematic offset in x (or distance to the Galactic
center), the 95th minus 5th percentiles are 6.9, 47, and
0.71 kpc km s−1 for JR, Jφ and Jz, respectively. These
are fractionally 21%, 3.1% and 3.1% in these actions,
respectively, despite only a 1.2% error in the distance to
the Galactic center.
In Figure 3, we plot a histogram of the values of Jz
computed at different orbital phases for thick-disk
(top panel) and thin-disk (bottom panel), assuming
a z offset of 100 pc (as in the upper right panel of Fig-
ure 2). The true value is plotted as a vertical dashed
line. The systematic error in Jz induced by a system-
atic offset in z is non-Gaussian and bimodal; neither of
the modes is centered on the null value. In the case
of thin-disk (bottom panel), we see that, in addition
to the prior complications, the distribution is not even
centered on the true value. This comes about when the
midplane error is & zmax, where zmax is the maximum
height of the orbit (equivalent to Az in the epicyclic ap-
proximation, see Section 2.2).
In Appendix C we plot the same histogram as in Fig-
ure 3, but for the distributions of JR induced by a z off-
set (upper left panel of Figure 4) and the distributions of
JR and Jφ errors induced by an x offset (lower left and
lower center panels of Figure 4, respectively). We find
similar error distributions as in Figure 3, with the excep-
tion that the computed JR distribution induced by an x
offset more closely resembles a Gaussian distribution.
We now suggest a heuristic explanation for the shape
of Figure 3. Consider first the thick-disk (top panel),
where the offset in z is much less than the zmax of the
orbit. The peaks in the distribution correspond to the
turning points of the orbit (or points of maximum ver-
tical amplitude), where vz ∼ 0 and where the star is on
most of it orbit. This is why the distribution, which is
calculated at evenly spaced time intervals, peaks at these
values. For thin-disk (bottom panel), the offset in z
is comparable to zmax. Now, there will be some points
in the orbit where vz = 0 and z = 0 (in the erroneous
coordinate system). At these points, the computed Jz
will vanish. The asymmetry and systematic offset then
comes about because of the constraint that Jz ≥ 0.4
3 In practice, however, Jφ is computed as part of the torus-
fitting method.
4 This argument is similar to ones given in cosmology for why
gravity produces non-Gaussianity in the density field, since the
density cannot become negative but it can grow arbitrarily large.
8 Beane et al.
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Figure 4. We report the fractional error in each action Ji induced by coordinate system offsets for thin-disk, thick-disk, and
halo (Table 1). The error (∆Ji) is computed as one half the 95th minus 5th percentile of the distribution of computed action
values. See discussion in the text and Figure 3 for the justification in using this to measure the magnitude of the induced error.
The left, center, and right panels show the result for JR, Jφ, and Jz, respectively. The upper panels consider an offset in z and
the lower panels consider an offset in x (equivalently, an offset in the solar radius). In some panels, we also plot as dashed lines
the epicyclic prediction of the induced action error (Equation (11)). In the epicyclic approximation, a z offset only induces an
error in Jz — for all three orbits the epicyclic approximation is a good description of the Jz error. An x offset induces an error
in JR and Jφ. The error in JR is somewhat well-described for thin-disk and thick-disk, and a poor description for halo. For
Jφ, the epicyclic approximation is not a good description for any orbit.
Gaussian summary statistics are clearly insufficient to
describe the distribution shown in Figure 3. We there-
fore elect to measure this error by computing one half
the 95th percentile minus the 5th percentile of the dis-
tribution of action values. We refer to this quantity as
∆Ji for each action and plot it in Figure 3 as a horizon-
tal arrow anchored on the true action value. Because
of the bimodality of the error distribution, this quan-
tity roughly measures the distance from the true action
value to the peak of one of the modes. Furthermore, this
bimodality also implies that ∆Ji is not very sensitive to
the exact percentiles used. This summary statistic does
not reflect the bias induced when the midplane error
is & zmax.
We now repeat the same procedure as in Figure 2 but
for systematic offsets between 0 and 500 pc in the z and
x components. In Figure 4, we report ∆Ji/Ji for the
three different fiducial orbits in Table 1. The upper
panels of Figure 4 shows the spread induced in each
action for an offset in the z-component. In the lower
panels we consider offsets in the x component (i.e. the
solar radius). The left, center, and right columns show
the fractional spread in the values computed for Jz, Jφ,
and JR, respectively.
In the upper middle panel of Figure 4, there is es-
sentially no spread in the determination of Jφ. This is
expected since Jφ is independent of z and is thus unaf-
fected by offsets in z, as discussed earlier. Indeed, the
result we found in Figure 2 for thick-disk holds for all
orbit types. This is also a demonstration of the robust-
ness of the integration and action calculation methods
we use.
The upper right panel of Figure 4 shows that the frac-
tional error in Jz is more exaggerated for more planar
(disk-like) orbits. For thin-disk, a systematic offset of
15 pc in the z-coordinate results in a 25% deviation in
Jz, while a 120 pc offset results in the same deviation for
thick-disk. We find that halo is relatively resistant to
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errors in the midplane, with only ∼ 15% error in Jz out
to an offset of 500 pc.
For the offset in the solar radius (lower panels), the
error is largest for JR, with some deviations resulting in
Jφ and relatively small deviations in Jz. In the lower
center and lower right panels all three lines nearly over-
lap.
In each panel of Figure 4, where relevant, we in-
clude the estimation of the action errors derived under
the epicyclic approximation from Equation (11), with
∆vφ = 0, as dashed lines in the color of each orbit. This
equation is relevant since during most of the orbit the
star will be close to maximum radial and vertical ampli-
tude. Note that we consider an error in the x-coordinate
∆x, which is not exactly the same as ∆R. For observa-
tions of stars close to us, we have that ∆x ∼ ∆R, but
for the experiment performed in this section we consider
observations of the star throughout its entire orbit. This
introduces a factor of 2/pi when converting from ∆x to
∆R, which we derive in Appendix B.
The epicyclic approximation is a good predictor of
∆Jz, even for halo. It performs similarly for ∆JR, now
underpredicting for halo and slightly overpredicting for
thin-disk. Note that for the particular orbits we chose,
thin-disk has slightly larger AR than thick-disk, and
so we actually expect the epicyclic approximation to per-
form slightly worse for thin-disk in this case. The
epicyclic approximation underpredicts ∆Jφ for all or-
bits.
To further understand the effect of the midplane er-
ror, we also plot the fractional error in Jz as a function
of Jz for z offsets of 10, 50, and 100 pc (orange, teal,
and green, respectively) in Figure 5. For each orbit, we
set the initial position to be (8, 0, 0) kpc and the initial
velocity to be (0,−190, vz) km s−1, where we vary vz.5
For a thin-disk-like orbit (Jz ∼ 0.7 kpc km s−1), even
a 10 pc offset in z is enough to induce a ∼ 20% error in
Jz. For larger values of Jz, the fractional errors are sup-
pressed, but the induced error can still be large depend-
ing on how great the z offset is. We also plot the epicylic
prediction for ∆Jz/Jz from Equation (11) as dashed
lines for each z offset. We find that the epicyclic ap-
proximation matches the numerical estimate quite well.
3. AZIMUTHAL MIDPLANE VARIATIONS
The stellar midplane of the Galaxy should vary as a
function of azimuth and Galactocentric radius due to
small, local variations in the stellar density. Hints of
5 One can recover thin-disk, thick-disk, and halo by set-
ting vz = 10, 50, and 190, respectively, giving Jz ' 0.7, 20, and
500 kpc km s−1 (see Table 1).
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Figure 5. The fractional error in Jz as a function of Jz
for a few different offsets in z. All orbits have the same ini-
tial position of (8, 0, 0) kpc and velocity (0,−190, vz) km s−1,
where we vary vz.
5 We show this for a z offset of 10, 50,
and 100 pc (orange, teal, and green, respectively). As be-
fore, the error (∆Jz) is one half the 95th minus 5th per-
centile of the distribution of computed Jz values over the
course of the orbit. There are large errors for thin-disk-
like orbits (Jz ∼ 0.7 kpc km s−1), even for a small midplane
offset of 10 pc. As dashed lines in each color we also plot
the prediction for ∆Jz/Jz from the epicyclic approximation
(Equation (11)), which shows excellent agreement with the
numerically computed values.
this variation as a function of Galactocentric radius have
been noted through their impact on the stellar velocity
distribution pre-Gaia by Widrow et al. (2012), Carlin
et al. (2013), and Williams et al. (2013) and recently
post-Gaia by Friske & Scho¨nrich (2019). As pointed
out by, e.g., Goodman et al. (2014) and Anderson et al.
(2019), among many others, the gas distribution in the
Galaxy also shows significant density variation across
the disk.
The local Galactocentric coordinate system is defined
based on the location of the Sun relative to the mid-
plane. Extending this coordinate system to a global one
therefore introduces systematic errors in the z compo-
nents of stellar positions. As discussed in Section 2, this
systematic error introduces errors in integrating orbits
and computing actions.
We specifically consider azimuthal variations in the
midplane at the solar circle, as defined by the stellar
mass density. Since, to our knowledge, there are no
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direct empirical measurements of these variations in the
Milky Way, we use example simulations from two classes
of simulations to estimate the size of this effect.
One set are three zoom-in, cosmological hydrodynam-
ical simulations of isolated Milky Way-mass galaxies
from the FIRE collaboration, described briefly in Sec-
tion 3.1. These include stars, gas, and dark matter in a
fully cosmological setting but are not tailored to specific
properties of the Milky Way (such as the scale height or
scale length, or the details of the accretion history). We
use these simulations to span the range of possibilities
for azimuthal midplane variations.
The other set of simulations are isolated N-body sim-
ulations of interactions between the Milky Way and a
Sagittarius-like dwarf galaxy, described briefly in Sec-
tion 3.2. These include dark matter and stars and are
tailored to existing measurements of the structure of
the Milky Way’s disk and of the orbit and properties
of the Sagittarius dwarf galaxy. Comparing the az-
imuthal midplane variations in the host galaxy of these
simulations before and after the interaction with the
Sagittarius-like object gives an idea of the effect of one
minor merger whose properties are relatively well mea-
sured. Azimuthal variations of the mean vertical height
of stars has been explicitly pointed out in a different sim-
ulation of a Sagittarius-like encounter by Go´mez et al.
(2013).
3.1. Description of FIRE Simulations
The FIRE cosmological hydrodynamic simulations
(Hopkins et al. 2014, 2018) use the zoom-in technique
(e.g., Katz & White 1993; On˜orbe et al. 2014) to model
the formation of a small group of galaxies at high res-
olution in a full cosmological context. Feedback from
supernovae, stellar winds, and radiation from massive
stars is implemented at the scale of star forming regions
following stellar population synthesis models, generat-
ing galactic winds self-consistently (Muratov et al. 2015;
Angle´s-Alca´zar et al. 2017) while reproducing many ob-
served galaxy properties, including stellar masses, star
formation histories, metallicities, and morphologies and
kinematics of thin and thick disks (Hopkins et al. 2014;
Ma et al. 2016, 2017; Wetzel et al. 2016; Garrison-
Kimmel et al. 2018; Hopkins et al. 2018).
For this work, we focus on the three Milky Way-mass
zoom-ins considered in Sanderson et al. (2018), which
were simulated as part of the Latte suite and show broad
agreement of many of their global properties with obser-
vations of the Milky Way (Wetzel et al. 2016; Garrison-
Kimmel et al. 2018). The zr = 0 snapshots
6 of these
three simulations, The snapshots of these three simu-
lations at cosmological redshift zr = 0, named m12i,
m12f, and m12m, are publicly available alongside associ-
ated mock Gaia DR2 catalogues generated from them.7
These simulations contain dark matter particles of
mass ∼ 35, 000 M, gas particles of mass ∼ 7000
to 20, 000 M, and star particles of mass ∼ 5000 to
7000 M, with the lower end coming from stellar evo-
lution (Sanderson et al. 2018). Softening lengths for
dark matter and star particles are fixed at 112 pc and
11.2 pc, respectively.8 The gas softening length is adap-
tive, but at zr = 0 the median softening length for cold
(T < 100 K) gas particles around roughly solar positions
(with galactocentric cylindrical radii within 0.5 kpc of
8.2 kpc and |z| < 1 kpc) is 53.4, 57.2, and 60.1 pc for
m12i, m12f, and m12m, respectively. These values are
summarized in Table 2, along with measurements of the
stellar and gas disk scale heights.
The softening lengths used in the simulations can af-
fect the ability to resolve the very thinnest planar struc-
tures, which in turn can affect how much the density-
based midplane varies as a function of azimuth. The
Milky Way’s dense, star-forming gas disk is thought to
have a scale height of about 40 pc, on the order of the
cold gas softening length (Anderson et al. 2019). The
thin stellar disk has a scale height of about 300 pc, ∼ 30
times the stellar softening length (Juric´ et al. 2008). We
therefore expect that resolution effects are still affecting
the scale heights of these components in the simulations,
especially the cold gas. Indeed, the stellar scale heights
of the simulated galaxies are equal to or larger than the
Milky Way’s while the gas scale heights are significantly
larger (although the proper basis comparison is less clear
in the case of the gas; the quoted value for the Milky
Way comes from studies of high-mass star-forming re-
gions). The midplanes defined by gas and stars can be
tilted with respect to one another as well, precluding ex-
tending the precision of the gas midplane definition to
the stellar component.
Cosmological simulations of Milky Way-mass galaxies
are not perfect representations of the true Milky Way
in other ways as well, as discussed in Sanderson et al.
(2018). The failure of cosmological simulations to ex-
actly reproduce the Milky Way is not necessarily due
to limitations of the numerical model. Candidate Milky
Way-like galaxies are chosen solely on their mass and
6 In this work, to avoid confusion with the vertical height z, we
refer to cosmological redshift as zr.
7 http://ananke.hub.yt
8 This is 2.8 times the often-quoted Plummer-equivalent.
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Table 2. Stellar and gas disk scale heights of the Milky Way and the FIRE galaxies considered
in this work (described in Section 3.1). For comparison, we also give the median softening lengths
for the FIRE galaxies, computed for cold gas (T < 1000 K) and stars with |R−R0| < 0.5 kpc and
|z| < 1 kpc. We have assumed that R0 = 8.2 kpc.
galaxy
colda gas disk
scale height
thin disk
scale height
thick disk
scale height
colda gas
softening length
stellar
softening length
(pc) (pc) (pc) (pc) (pc)
Milky Wayb 40 300 900 · · · · · ·
m12ic 800d 480 2000 53.4 11.2
m12fc 360 440 1280 57.2 11.2
m12mc 250 290 1030 60.1 11.2
aT < 100 K
b Juric´ et al. (2008); Bland-Hawthorn & Gerhard (2016)
cSanderson et al. (2018)
dThe azimuthally averaged gas vertical density profile in m12i is nearly constant to this height, though individual regions show
smaller scale heights and dense clouds.
isolation, for which there are a wide variety of possible
galaxies with qualitatively different properties. For ex-
ample, the velocity structure of m12i is closer to M31’s
than the Milky Way’s (S. Loebman et al., in prepara-
tion).
However, in this work we are most interested in the
global properties of the potential, and specifically in de-
viations from axisymmetry. From this perspective, the
simulated galaxies are actually more axisymmetric than
we might expect of the Milky Way. While they have
prominent spiral arms, none has as strong a bar as the
Milky Way does at present day, and none has a nearby
companion like the Large Magellanic Cloud. One of the
three we consider (m12f) does have an ongoing interac-
tion with a satellite galaxy similar in mass to Sagittarius,
which has punched through the Galactic disk outside the
solar circle, leaving behind some of its stars and inducing
warping in the disk.
In this work, we take the galactocentric coordinate
system described in Section 3 of Sanderson et al. (2018)
as our fiducial coordinate system for each galaxy. In
short, the center of the galaxy is found iteratively. The
center of mass velocity is then determined by all star
particles within 15 kpc of this center. The galaxy is then
rotated onto a principal axis frame determined by stars
younger than 1 Gyr inside of the fiducial solar radius
R0 = 8.2 kpc, such that the disk plane is the x–y plane.
3.2. Description of Milky Way-Sagittarius Interaction
Simulation
In addition to the cosmological zoom-ins, we will also
briefly consider results from a live N-body simulation
of a Sagittarius-like encounter. This simulation offers
us the ability to see how the midplane varies in a more
controlled environment. The simulation is described by
Laporte et al. (2018), but we briefly summarize the most
relevant details here.
For the Milky Way, the dark halo is modeled as a
Hernquist sphere of mass 1012 M and scale length of
52 kpc (Hernquist 1990), the disk is modeled as an ex-
ponential disk with a scale radius of 3.5 kpc, scale height
0.53 kpc, and mass 6×1010 M, and the bulge as a Hern-
quist sphere of mass 1010 M and scale length 0.7 kpc.
The Sagittarius dwarf is modeled with two components:
a dark matter Hernquist sphere of mass 8×1010 M and
scale length 8 kpc, and a stellar component modeled as a
Hernquist sphere of mass 6.4× 108 M and scale length
0.85 kpc. All components are realized with distributions
of live N-body particles; the Milky Way and Sagittarius
are each initialized to be in equilibrium in isolation.
The mass resolution of the simulation is 2.6 × 104,
1.2 × 104, and 1.0 × 104 M for the dark matter, disk,
and bulge components, respectively. For the disk and
bulge components, a softening length of 30 pc is used
whereas for the halo a softening length of 60 pc is used.
For Sagittarius, the softening length for the dark matter
and the stars is 60 and 40 pc, respectively.
The fiducial coordinate system for these N-body sim-
ulations is the rest frame of the aligned host galaxy at
the beginning of the simulation.
3.3. The Local Midplane
Using the two sets of simulations, we determine the lo-
cal midplane as a function of azimuth at the solar circle
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that an observer might measure if they were situated in
each of these galaxies. Starting from the coordinate sys-
tem described in the previous section, which is aligned so
that the z-coordinate is approximately perpendicular to
the disk plane at the solar circle, we place our imaginary
observer at z = 0 and a galactocentric cylindrical radius
of 8.2 kpc and vary the azimuth between 0 < φ < 2pi. At
equally spaced values of φ we then compute the median
z for stars within a cylinder of radius 0.5 kpc and height
1 kpc perpendicular to the fiducial disk and centered on
it. We choose to use 50 bins in azimuth, sufficiently
few that no cylinder shares stars with its neighbors. We
then re-define the new midplane of the cylinder to be
the median z, re-select stars, and iterate until the me-
dian z value converges. We find that only 10 iterations
of this procedure are necessary for convergence. The re-
sulting median z is taken to be what our observer would
measure as the local galactic midplane at each φ.
This procedure assumes perfect density estimation,
and therefore perfect corrections for extinction within
the cylinder defining the “solar neighborhood.” Imper-
fect extinction correction is likely to increase the ampli-
tude of the estimated fluctuations in z.
To account for the effect of particle noise, we boot-
strap resample stars within a cylinder of height 2 kpc
and the same radius 1000 times and determine the 1σ
error bars by repeating the midplane determination with
that reselection.
To allow for potential small inaccuracies in the deter-
mination of the original fiducial coordinate system, we
also subtract the best fit curve of the form
A sin (φ+B) + C (12)
from the midplane as a function of azimuth to account
for an overall tilt of the midplane (a simplified ver-
sion of the strategy described in Anderson et al. 2019).
For simulations (m12i, m12f, m12m), the best fit values
are A = (−170, 45, 8.8) pc, B = (38,−5.0, 1.8) deg, and
C = (−69, 19,−18) pc. For the assumed solar radius of
8.2 kpc, we can approximate the angle offset ∆θ for the
z-axis from the values of A. We find for the same simu-
lations ∆θ = (1.15, 0.31, 0.062) deg. These angle offsets
are consistent with the values given in Sanderson et al.
(2018) for the difference between the z-axis as defined
by the gas and stars.
Figure 6 shows the relative z location of the inferred
midplane an observer would determine as a function of
azimuth for each galaxy, using their local solar neighbor-
hood (the cylinder defined above). The 1σ error from
the bootstrap procedure is shown as the dashed-line er-
ror bars. The middle 90% of midplane values across the
solar circle spans (190, 160, 84) pc for these simulations.
In two of the three cases the midplane therefore varies by
more than ±100 pc depending on the azimuth along the
solar circle; in the third (m12m, which has the thinnest
“thin disk” of stars, but the largest stellar mass) the
variation is closer to ±50 pc.
We compute the same midplane variation in Fig-
ure 7, but for four succcessive timesteps of the live
N-body simulation of a Sagittarius encounter (La-
porte et al. 2018). Again we have subtracted a best
fit curve of the form given in Equation (12), with
the values at times (2.0, 4.0, 6.0, 6.9) Gyr being A =
(9.5, 2.5,−210,−390) pc, B = (0.074, 0.039,−36,−57) deg,
and C = (2.6,−7.8,−65,−53) pc. The middle 90% of
midplane values across the solar circle spans (49, 62, 140, 120) pc.
These values for the midplane variation are consistent
with the azimuthal midplane variations seen by Go´mez
et al. (2013). However, they only saw significant vari-
ations in their Heavy but not their Light Sagittarius
model (virial masses of 1011 M and ∼ 3× 1010 M, re-
spectively). The model we used (L2 from Laporte et al.
(2018)) has a virial mass of 6 × 1010 M, intermediate
between their two models.
In the upper panels, we see that the midplane is rel-
atively flat in the inner galaxy, but additional encoun-
ters drive strong midplane variation. In the lower left
panel, we see a strong m = 2 mode develop, consistent
with the R = 8 kpc panel of Figure 17 in Laporte et al.
(2018) (m = 0 and m = 1 modes are stronger, but these
are removed in our sine-curve subtraction). The lower
right panel, which shows the galaxy at t = 6.9 Gyr when
some relaxation has occured, is qualitatively similar to
the midplane variations we saw in the FIRE simula-
tions (Figure 6), evidence that they are at least partially
driven by mergers.
3.4. Velocity Variations
We also expect that the LSR should vary as a function
of azimuth. We perform this calculation in Appendix D
to estimate the components of the LSR as a function of
azimuth, but performing a best-fit subtraction to cor-
rect for misalignment of the original coordinate system
(as in the previous section) is more involved. Since we
find that the variation in the LSR is less pronounced
than for the midplane, and since offsets in velocity only
contribute to second order to ∆JR and ∆Jz when a star
is at maximum amplitude in R or z (where the majority
of the orbit is, see Section 2.2), we defer this calculation
to future work.
4. DISCUSSION
We have used high-resolution simulations to illustrate
why we expect the local midplane defined by stellar den-
sity to vary with azimuth by up to ±100 pc as a natural
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Figure 6. The local midplane determined at the fiducial solar circle (R0 = 8.2 kpc) for the three FIRE galaxies m12i, m12f,
and m12m (left, center, and right panels) as a function of azimuthal angle, at cosmological redshift zr = 0. The local midplane is
determined at a position φ by taking the median height of all stars within R = 0.5 kpc and z = 1 kpc (in cylindrical coordinates).
In order to allow for the possibility that the fiducial galactocentric coordinate system is incorrect, we subtract the best fit sine
curve from each panel. We then bootstrap resample 1000 times to determine 1σ error bars, which we report as dashed lines.
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Figure 7. The local midplane determined at the fiducial solar circle (R0 = 8.2 kpc) for four different time steps from a live
N-body simulation of a Sagittarius encounter with the Milky Way (Laporte et al. 2018). As before, we have subtracted the
best fit sine curve to account for inaccuracies in the galactocentric coordinate system. Error bars are calculated as in Figure 6.
The upper panels show the midplane as a function of azimuth before the first encounter near the solar circle at t = 2.0 Gyr
and t = 4.0 Gyr, with an encounter happening close to the solar circle near t = 6.0 Gyr. The fact that the t = 6.9 Gyr panel,
which shows the midplane variation after some relaxation, looks qualitatively similar to the panels from the FIRE simulations
(Figure 6) is evidence that midplane variations are generated, in part, by mergers.
consequence of the non-axisymmetry of the Galactic disk
at small scales. While this is not in itself surprising or
new, we have also argued that the discrepancy between
our local midplane and that of distant stars introduces
a systematic error in the z component when converting
from heliocentric to Galactocentric coordinates. This
systematic error introduces a non-Gaussian error in the
vertical action, Jz, when starting from the present-day
positions and velocities of stars as measured by, e.g.,
Gaia.
These systematic errors are most important for stars
on thin disk-like orbits, where they can be large enough
to yield actions representative of orbits in the thick disk.
This effect is entirely due to the extension of a local to a
global coordinate system, and is separate from real diffu-
sion in stellar integrals of motion caused by interactions
with these same deviations from axisymmetry, such as
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resonant perturbation by spiral arms or scattering from
molecular clouds (Sellwood 2014).
4.1. Estimates of Milky Way Midplane Offsets
Systematic variations in vz and number density were
first noted as asymmetries in the local velocity distribu-
tion towards the North and South Galactic Caps from
the radial velocity surveys of the Sloan Digital Sky Sur-
veys (Widrow et al. 2012) and RAdial Velocity Experi-
ment (Williams et al. 2013). Subsequently, Carlin et al.
(2013) pointed out suggestions of an oscillation in aver-
age vertical velocities of order 5 km s−1 on roughly kilo-
parsec scales looking toward the Galactic anticenter.
Work by the Gaia collaboration confirmed these pre-
liminary results on the velocity and spatial scales of os-
cillation with clear spatial maps made using DR2 data of
median vz over a significant Galactic volume (Gaia Col-
laboration et al. 2018a; Friske & Scho¨nrich 2019), which
can be explained with models of Sagittarius-like encoun-
ters (Go´mez et al. 2013; Laporte et al. 2018, 2019). We
also see in the FIRE simulation that the vertical veloc-
ity variation as a function of azimuth is ∼ 5–10 km s−1
(Figure 10), consistent with these observations.
The vertical frequency of thin-disk and thick-disk
are ∼ 0.09 Myr−1 and ∼ 0.06 Myr−1, respectively (Ta-
ble 1). By dimensional analysis, and assuming a vertical
velocity variation of 5–10 km s−1, we therefore expect
the midplane offsets to be ∼ 57–170 pc. We stress that
this is a rough calculation.
Three-dimensional dust maps also offer a view into the
expected variation of the stellar disk, since dust should
trace regions of massive star formation. Figure 9 of Chen
et al. (2019), Figure 1 of Leike & Enßlin (2019), and Fig-
ure 2 of Green et al. (2019) all show that the midplane
varies by ∼ 10◦ at a distance of ∼ 0.75 kpc, correspond-
ing to a physical vertical variation of ∼ 130 pc.
Already we see evidence in the data from velocities
and dust maps for midplane offsets on the order of what
we saw in both sets of simulations.
4.2. Uncertainties in the Solar Position and Velocity
Uncertainties in measurements of the position and ve-
locity of the Sun relative to the Galactic center can also
contribute to systematic error in the actions, since con-
verting from heliocentric to Galactocentric coordinates
relies on these measurements. Therefore, errors in their
values will induce a systematic offset in the Galacto-
centric phase-space position of any observed star. Con-
siderable effort has been placed on each of these mea-
surements, but uncertainties remain, and detailed mod-
eling across the disk — particularly for dynamically cold
stars — may have to take them into account. Here we
briefly review the current measurements of the four rele-
vant quantities, their uncertainties, and the implications
for the calculation of actions.
4.2.1. Galactic Center Position
First, one must define the center of the Galaxy. This
is usually taken to be the location of the central super-
massive black hole, Sagittarius A* (Sgr A*, e.g., Reid &
Brunthaler 2004). From stellar motions near Sgr A*, the
distance from the Sun to Sgr A*, R0, can be precisely
measured (Gillessen et al. 2009; Gravity Collaboration
et al. 2018). A recent measurement using near-infrared
interferometry places R0 at 8.178 ± 0.035 kpc (Abuter
et al. 2019), or a 0.4% uncertainty.
However, the location of Sgr A* may not be equivalent
to the location of the dynamical Galactic center, the
point in three-dimensional space about which the stars
in the solar neighborhood are orbiting. This assumption,
although sensible and frequently made, has not yet been
justified.
If the dynamical Galactic center is offset from Sgr A*
by 100 pc, only a 1.2% difference, then this induces a
∼ 15% error in JR for the disk-like orbits we considered
(see Section 2.4). The reason such a large error in JR can
be generated by a small error in R0 can be understood
from the epicyclic approximation (Equation (11)), which
states that ∆JR/JR = 2∆R/AR. The fractional error in
JR is related to the error in R0 as a fraction of the radial
amplitude of the orbit, which is much smaller than R0
(∼ 1.2 kpc for thin-disk and thick-disk). This also
implies the very precise 0.4% measurement of R0 still
translates to a ∼ 6% uncertainty in JR.
The assumption that the dynamical Galactic center
and Sgr A* are colocated is tested in any construction
of a dynamical model where R0 is a free parameter. For
example, Ku¨pper et al. (2015) measured R0 while mod-
eling the dynamics of the stream Palomar 5. Many other
dynamical measurements of R0 have been made (Bland-
Hawthorn & Gerhard 2016 summarize many pre-Gaia
results), but none have yet achieved a precision compa-
rable to that of the distance to Sgr A*.
We did not consider in this work the effect of the an-
gular position of the dynamical Galactic center being
offset from Sgr A*.
4.2.2. Galactic Orientation
Second, one must define the angular orientation of the
Galaxy. This was defined in 1958 by the IAU subcomis-
sion 33b (Blaauw et al. 1960) by defining the coordi-
nates of the Galactic center in B1950 coordinates as
(17:42:26.6, -28:55:00) and the North Galactic pole as
(12:49:00, +27:24:00). These two quantities, together
with R0, define the orientation of the Galactic plane.
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However, there is growing evidence that the stellar mid-
plane is tilted relative to this coordinate system (Good-
man et al. 2014; Bland-Hawthorn & Gerhard 2016),
though not the H ii midplane (Anderson et al. 2019).
This tilt will contribute a systematic offset in z, with
the exact magnitude depending on the position of the
observed star. For instance, Goodman et al. (2014)
quote a ∼ 0.4◦ tilt at 3.1 kpc, corresponding to a vertical
height of ∼ 22 pc. This corresponds to a 37% error in
Jz for thin-disk and a 5% error for thick-disk.
4.2.3. Solar Height
Third, one must define the Sun’s vertical distance
from the Galactic midplane, which can be determined by
identifying where the stellar density and velocities reach
a maximum (effectively the median height of all disk
stars). The solar height is usually taken to be ∼ 25 pc
(Chen et al. 2001), with a more recent measurement
from Gaia DR2 placing it at 20.8 ± 0.3 pc (Bennett &
Bovy 2019). Another strategy is to use the cold gas
or H ii regions in the disk to define the Galactic mid-
plane, leading to slightly different values (by ∼ 5 pc) for
the Sun’s relative height (e.g., Anderson et al. 2019).
A pre-Gaia review of these measurements is given by
Bland-Hawthorn & Gerhard (2016). The discrepancy
between gas-based and stellar-based determinations of
the solar height is small, and thus only likely to domi-
nate over intrinsic midplane variations on small scales,
but will be relevant for detailed modeling of young and
kinematically cold stars. For instance, it will induce a
∼ 10% error in Jz for an orbit with zmax ∼ 100 pc.
4.2.4. Local Standard of Rest
Finally, one must define the LSR, or mean velocity
of stars near the Sun relative to the Galactic center
(which is defined to have zero velocity), and the veloc-
ity of the Sun relative to the LSR. The radial (U) and
vertical (W) components are computed by taking the
mean motions of different stellar groups (e.g., Scho¨nrich
2012). The azimuthal component (V) is more difficult
to measure, but can be modeled using the asymmetric
drift relation (Binney & Tremaine 2008). The values
of the components of the LSR are usually taken from
Scho¨nrich et al. (2010). Their uncertainties should also
lead to systematic errors in the actions, as given in Equa-
tions (9)–(10). For example, the value of the circular
velocity is taken to be ∼ 220 km s−1 (e.g., Bovy et al.
2012) with roughly 10% uncertainty. We expect this to
translate to at least a 10% systematic error in Jφ.
4.3. Orbit Integration
We have mainly been concerned with actions, since
they provide a convenient way to quantify different types
of orbits. However, all of our conclusions also apply
to studies that simply rely on orbit integrations, since
the two are equivalent. For instance, computing orbital
properties of open or globular clusters (e.g., Cantat-
Gaudin et al. 2016, 2018; Gaia Collaboration et al.
2018b) should ideally take the midplane variation into
account. Orbit integrations of nearby systems over short
time periods (e.g., Mamajek & Bell 2014; Bailer-Jones
et al. 2018) are unlikely to be impacted. It should also
be unimportant for halo applications, e.g., in modeling
of stellar streams (e.g., Bovy 2014) or the substructure
potentially responsible for the gap in GD1 (Bonaca et al.
2018).
5. CONCLUSIONS
Determining the orbital properties of stars is impor-
tant for understanding the structure and evolution of
the Galaxy. Actions have been argued to be excellent
orbit labels. If the Galaxy can be well approximated as
axisymmetric and 6D phase space positions can be mea-
sured accurately and precisely enough, then the com-
puted actions are invariant with orbital phase. However,
we have shown that the fact that the Galactic midplane
is not constant across the disk presents a significant com-
plication to computed actions actually being invariant.
Our main conclusions are:
• Inaccuracy in the Galactocentric coordinate sys-
tem induces orbital phase dependence in the ac-
tions calculated from the observed positions and
velocities of stars (Figures 1 and 2). Since stars’
instantaneous phase-space positions are measured
without prior knowledge of their orbital phases,
this results in systematic error in the computed
actions (Figure 4).
• Inaccuracy in the midplane location most severely
affects computation of the vertical action Jz. A
midplane offset of ∼ 15 pc for a typical thin disk
orbit results in a 25% error in Jz, and even for a
thick disk orbit a 120 pc offset will result in the
same size error. The fractional error is signifi-
cantly less for halo orbits.
• The distribution of systematic errors in the actions
induced by a coordinate system offset is highly
non-Gaussian. The distribution is bimodal with
neither mode at null. As a result, error propaga-
tion of coordinate system offsets is complex when
considering actions, and is likely to significantly
deform the action-space distribution function.
• Dynamical modeling across large regions of the
disk, over which the midplane location varies by
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more than the limits discussed above, is suscepti-
ble to this type of systematic error, since the as-
sumption that our local Galactic midplane is the
global Galactic midplane is not true a priori. A vi-
olation of this assumption (by, e.g., intrinsic mid-
plane variations) leads to a systematic error in z
which generates the large errors in actions sum-
marized above.
• We show that such midplane variation is likely
by measuring the local galactic midplane along
the solar circle in three different high-resolution,
zoom-in simulations of Milky Way mass galaxies
from the FIRE collaboration, as well as a con-
trolled simulation of the interaction of the Milky
Way with Sagittarius. We found that the mid-
plane varies as a function of azimuth at the solar
circle by 60–185 pc in these simulations.
• Assuming a vertical velocity variation of the Milky
Way of ∼ 5–10 km s−1, consistent with recent re-
sults from Gaia and our results from the FIRE
simulations (Figure 10), we estimated that the cor-
responding midplane offsets are ∼ 60–170 pc by
dimensional analysis using the vertical frequencies
of disk-like orbits. This range of values is consis-
tent with the variations seen in the simulations.
Similar offsets are seen in three-dimensional dust
maps.
• Inaccuracies in the parameters of the currently
adopted Galactocentric coordinate system are
likely important for some applications. In partic-
ular, it is imperative to test the assumption that
the dynamical Galactic center is colocated with
Sgr A*. We discuss how to do this in Section 4.2.
• This work underlines the importance of combining
chemistry and dynamics. Since chemical tagging
(Freeman & Bland-Hawthorn 2002) is not subject
to the same systematic errors discussed in this
work, it should be used to confirm dynamical asso-
ciations and to offset the effect of these systematic
errors on the action-space distribution function.
• While in this work we have focused on systematic
errors in action computation, all of our conclusions
also extend to studies of stars that simply rely on
orbit integration, since the computation of actions
and orbit integrations are equivalent.
Our main point is that the local midplane varies be-
tween different points in the Galaxy, and that this varia-
tion can lead to significant systematic errors in the com-
putation of actions under the assumption of a global ax-
isymmetric potential. Current observations from Gaia
should soon permit a measurement of the real azimuthal
dependence of the midplane location. For some appli-
cations, such as those using actions as labels to group
stars on similar orbits, using such a measurement to
shift stars to a consistent midplane height as a function
of azimuth before using a global axisymmetric approxi-
mation to the potential may be sufficient, although this
ignores the dynamical implications of shifts in the mid-
plane height (which result from fluctuations in the local
density). However, for other applications, such as the
study of action diffusion, a more extensive perturbative
approach is likely needed. We plan to explore the miti-
gation of these effects in future work.
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APPENDIX
A. ORBITS
We plot the three orbits considered throughout the work (Table 1) in Figure 8.
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Figure 8. The three orbits presented in Table 1 and considered throughout the work. We plot thin-disk, thick-disk, and
halo in the left, center, and right columns, respectively. The upper row shows a plot of x vs. y while the lower row shows
R vs. z.
B. ∆R-∆X RELATION
We considered the effect on actions of an inaccuracy in the distance from the Sun to the Galactic center, which
introduces an offset in the x coordinate, ∆x, of each star when converting to a Galactocentric coordinate system. In
observations of nearby stars, we have that ∆x ∼ ∆R. However, for the experiment we performed in Section 2.4 we
considered observations of a star throughout its entire orbit. Therefore, we must average ∆R over the course of the
orbit. We derive this relation now.
An offset ∆x results in an erroneous radius Rerr related by the formula,
(x+ ∆x)2 + y2 = R2err. (B1)
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Figure 9. A histogram of the values computed for JR and Jφ for thick-disk (upper panels) and thin-disk (lower panels). For
JR we assume an x offset (left) and z offset (center) of 100 pc, while for Jφ we consider only an x offset (right). In each panel
the true value is given by a vertical dashed line. The induced error distribution in JR for an x offset more closely resembles a
Gaussian centered on the null value, but not for the other two offsets considered.
Keeping only terms to first order in ∆x, we have that,
R2err = R
2 − 2R cosφ∆x
=⇒ ∆R ≡ |Rerr −R| = |cosφ|∆x.
(B2)
Averaging over the circle, we therefore have that,
〈∆R〉 = 2
pi
∆x. (B3)
C. JR AND Jφ DISTRIBUTIONS
In Figure 9 we plot the distribution of JR as a function of orbital phase induced by an offset in x and z and the
distribution of Jφ for an offset in x. We plot the distributions for thick-disk (upper panels) and thin-disk (lower
panels). We find that the JR distribution induced by an offset in x more closely resembles a Gaussian distribution,
while the JR distribution induced by an offset in z and the Jφ distribution induced by an offset in x are both similar
to the Jz distribution induced by an offset in z (see Figure 3).
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D. LSR VARIATIONS
We consider the variations of the LSR as a function of azimuth at the fiducial solar circle (R0 = 8.2 kpc) in Figure 10.
At each azimuth, φ, we take the median velocity in cylindrical coordinates of all stars within 200 pc of the position,
following Sanderson et al. (2018). No best-fit subtraction was performed as in Figure 6.
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Figure 10. The LSR as a function of azimuth at the fiducial solar circle (R0 = 8.2 kpc). No best-fit subtraction is performed
here as we did in the case of the midplane (Section 3.3). Variations in vz are on the order of ∼ 5–10 km s−1.
REFERENCES
Abuter, R., Amorim, A., Bauboeck, M., et al. 2019, arXiv
e-prints, arXiv:1904.05721.
https://arxiv.org/abs/1904.05721
Anderson, L. D., Wenger, T. V., Armentrout, W. P.,
Balser, D. S., & Bania, T. M. 2019, ApJ, 871, 145,
doi: 10.3847/1538-4357/aaf571
Angle´s-Alca´zar, D., Faucher-Gigue`re, C.-A., Keresˇ, D.,
et al. 2017, MNRAS, 470, 4698,
doi: 10.1093/mnras/stx1517
Antoja, T., Helmi, A., Romero-Go´mez, M., et al. 2018,
Nature, 561, 360, doi: 10.1038/s41586-018-0510-7
Astropy Collaboration, Robitaille, T. P., Tollerud, E. J.,
et al. 2013, A&A, 558, A33,
doi: 10.1051/0004-6361/201322068
Bailer-Jones, C. A. L., Rybizki, J., Andrae, R., &
Fouesneau, M. 2018, A&A, 616, A37,
doi: 10.1051/0004-6361/201833456
Beane, A., Ness, M. K., & Bedell, M. 2018, ApJ, 867, 31,
doi: 10.3847/1538-4357/aae07f
20 Beane et al.
Belokurov, V., Erkal, D., Evans, N. W., Koposov, S. E., &
Deason, A. J. 2018, MNRAS, 478, 611,
doi: 10.1093/mnras/sty982
Bennett, M., & Bovy, J. 2019, MNRAS, 482, 1417,
doi: 10.1093/mnras/sty2813
Binney, J. 2012, MNRAS, 426, 1324,
doi: 10.1111/j.1365-2966.2012.21757.x
Binney, J., & Scho¨nrich, R. 2018, MNRAS, 481, 1501,
doi: 10.1093/mnras/sty2378
Binney, J., & Tremaine, S. 2008, Galactic Dynamics:
Second Edition (Princeton University Press)
Blaauw, A., Gum, C. S., Pawsey, J. L., & Westerhout, G.
1960, MNRAS, 121, 123, doi: 10.1093/mnras/121.2.123
Bland-Hawthorn, J., & Gerhard, O. 2016, ARA&A, 54,
529, doi: 10.1146/annurev-astro-081915-023441
Bland-Hawthorn, J., Sharma, S., Tepper-Garcia, T., et al.
2019, MNRAS, 486, 1167, doi: 10.1093/mnras/stz217
Bonaca, A., Hogg, D. W., Price-Whelan, A. M., & Conroy,
C. 2018, ArXiv e-prints.
https://arxiv.org/abs/1811.03631
Bovy, J. 2014, ApJ, 795, 95,
doi: 10.1088/0004-637X/795/1/95
—. 2015, The Astrophysical Journal Supplement Series,
216, 29, doi: 10.1088/0067-0049/216/2/29
Bovy, J., Allende Prieto, C., Beers, T. C., et al. 2012, ApJ,
759, 131, doi: 10.1088/0004-637X/759/2/131
Buist, H. J. T., & Helmi, A. 2015, A&A, 584, A120,
doi: 10.1051/0004-6361/201526203
Cantat-Gaudin, T., Donati, P., Vallenari, A., et al. 2016,
A&A, 588, A120, doi: 10.1051/0004-6361/201628115
Cantat-Gaudin, T., Vallenari, A., Sordo, R., et al. 2018,
A&A, 615, A49, doi: 10.1051/0004-6361/201731251
Carlin, J. L., DeLaunay, J., Newberg, H. J., et al. 2013,
ApJ, 777, L5, doi: 10.1088/2041-8205/777/1/L5
Chen, B., Stoughton, C., Smith, J. A., et al. 2001, ApJ,
553, 184, doi: 10.1086/320647
Chen, B. Q., Huang, Y., Yuan, H. B., et al. 2019, MNRAS,
483, 4277, doi: 10.1093/mnras/sty3341
da Costa-Luis, C. O. 2019, tqdm: A Fast, Extensible
Progress Meter for Python and CLI,
doi: 10.5281/zenodo.2800317.
https://doi.org/10.5281/zenodo.2800317
Das, P., Hawkins, K., & Jofre, P. 2019, arXiv e-prints,
arXiv:1903.09320. https://arxiv.org/abs/1903.09320
de Zeeuw, T. 1985, MNRAS, 216, 273,
doi: 10.1093/mnras/216.2.273
Dormand, J., & Prince, P. 1980, Journal of Computational
and Applied Mathematics, 6, 19 ,
doi: https://doi.org/10.1016/0771-050X(80)90013-3
Freeman, K., & Bland-Hawthorn, J. 2002, ARA&A, 40,
487, doi: 10.1146/annurev.astro.40.060401.093840
Friske, J., & Scho¨nrich, R. 2019, arXiv e-prints.
https://arxiv.org/abs/1902.09569
Gaia Collaboration, Katz, D., Antoja, T., et al. 2018a,
A&A, 616, A11, doi: 10.1051/0004-6361/201832865
Gaia Collaboration, Helmi, A., van Leeuwen, F., et al.
2018b, A&A, 616, A12,
doi: 10.1051/0004-6361/201832698
Gandhi, S. S., & Ness, M. K. 2019, arXiv e-prints,
arXiv:1903.04030. https://arxiv.org/abs/1903.04030
Garrison-Kimmel, S., Hopkins, P. F., Wetzel, A., et al.
2018, MNRAS, 481, 4133, doi: 10.1093/mnras/sty2513
Gillessen, S., Eisenhauer, F., Trippe, S., et al. 2009, ApJ,
692, 1075, doi: 10.1088/0004-637X/692/2/1075
Go´mez, F. A., Minchev, I., O’Shea, B. W., et al. 2013,
MNRAS, 429, 159, doi: 10.1093/mnras/sts327
Goodman, A. A., Alves, J., Beaumont, C. N., et al. 2014,
ApJ, 797, 53, doi: 10.1088/0004-637X/797/1/53
Gravity Collaboration, Abuter, R., Amorim, A., et al. 2018,
A&A, 615, L15, doi: 10.1051/0004-6361/201833718
Green, G. M., Schlafly, E. F., Zucker, C., Speagle, J. S., &
Finkbeiner, D. P. 2019, arXiv e-prints, arXiv:1905.02734.
https://arxiv.org/abs/1905.02734
Helmi, A., Babusiaux, C., Koppelman, H. H., et al. 2018,
Nature, 563, 85, doi: 10.1038/s41586-018-0625-x
Hernquist, L. 1990, ApJ, 356, 359, doi: 10.1086/168845
Hopkins, P. F., Keresˇ, D., On˜orbe, J., et al. 2014, MNRAS,
445, 581, doi: 10.1093/mnras/stu1738
Hopkins, P. F., Wetzel, A., Keresˇ, D., et al. 2018, MNRAS,
480, 800, doi: 10.1093/mnras/sty1690
Hunter, J. D. 2007, Computing In Science & Engineering,
9, 90
Jeans, J. H. 1915, MNRAS, 76, 70,
doi: 10.1093/mnras/76.2.70
Jones, E., Oliphant, T., Peterson, P., et al. 2001–, SciPy:
Open source scientific tools for Python.
http://www.scipy.org/
Juric´, M., Ivezic´, Zˇ., Brooks, A., et al. 2008, ApJ, 673, 864,
doi: 10.1086/523619
Katz, N., & White, S. D. M. 1993, ApJ, 412, 455,
doi: 10.1086/172935
Kerr, F. J. 1957, AJ, 62, 93, doi: 10.1086/107466
Koppelman, H., Helmi, A., & Veljanoski, J. 2018, ApJL,
860, L11, doi: 10.3847/2041-8213/aac882
Ku¨pper, A. H. W., Balbinot, E., Bonaca, A., et al. 2015,
ApJ, 803, 80, doi: 10.1088/0004-637X/803/2/80
Lancaster, L., Koposov, S. E., Belokurov, V., Evans, N. W.,
& Deason, A. J. 2019, MNRAS, 486, 378,
doi: 10.1093/mnras/stz853
The Galactic Midplane is Not a Plane 21
Laporte, C. F. P., Johnston, K. V., Go´mez, F. A.,
Garavito-Camargo, N., & Besla, G. 2018, MNRAS, 481,
286, doi: 10.1093/mnras/sty1574
Laporte, C. F. P., Minchev, I., Johnston, K. V., & Go´mez,
F. A. 2019, MNRAS, 485, 3134,
doi: 10.1093/mnras/stz583
Leike, R. H., & Enßlin, T. A. 2019, arXiv e-prints,
arXiv:1901.05971. https://arxiv.org/abs/1901.05971
Ma, X., Hopkins, P. F., Faucher-Gigue`re, C.-A., et al. 2016,
MNRAS, 456, 2140, doi: 10.1093/mnras/stv2659
Ma, X., Hopkins, P. F., Wetzel, A. R., et al. 2017, MNRAS,
467, 2430, doi: 10.1093/mnras/stx273
Mackereth, J. T., Schiavon, R. P., Pfeffer, J., et al. 2019,
MNRAS, 482, 3426, doi: 10.1093/mnras/sty2955
Mamajek, E. E., & Bell, C. P. M. 2014, MNRAS, 445, 2169,
doi: 10.1093/mnras/stu1894
McGill, C., & Binney, J. 1990, MNRAS, 244, 634
McMillan, P. J. 2017, MNRAS, 465, 76,
doi: 10.1093/mnras/stw2759
Meza, A., Navarro, J. F., Abadi, M. G., & Steinmetz, M.
2005, MNRAS, 359, 93,
doi: 10.1111/j.1365-2966.2005.08869.x
Minchev, I., Quillen, A. C., Williams, M., et al. 2009,
MNRAS, 396, L56, doi: 10.1111/j.1745-3933.2009.00661.x
Miyamoto, M., & Nagai, R. 1975, Publications of the
Astronomical Society of Japan, 27, 533
Muratov, A. L., Keresˇ, D., Faucher-Gigue`re, C.-A., et al.
2015, MNRAS, 454, 2691, doi: 10.1093/mnras/stv2126
Navarro, J. F., Abadi, M. G., Venn, K. A., Freeman, K. C.,
& Anguiano, B. 2011, MNRAS, 412, 1203,
doi: 10.1111/j.1365-2966.2010.17975.x
Navarro, J. F., Frenk, C. S., & White, S. D. M. 1997, ApJ,
490, 493, doi: 10.1086/304888
On˜orbe, J., Garrison-Kimmel, S., Maller, A. H., et al. 2014,
MNRAS, 437, 1894, doi: 10.1093/mnras/stt2020
Price-Whelan, A., Sipocz, B., Lenz, D., et al. 2019,
adrn/gala: v1.0, doi: 10.5281/zenodo.2638307.
https://doi.org/10.5281/zenodo.2638307
Price-Whelan, A. M. 2017, The Journal of Open Source
Software, 2, doi: 10.21105/joss.00388
Price-Whelan, A. M., & Bonaca, A. 2018, ApJL, 863, L20,
doi: 10.3847/2041-8213/aad7b5
Price-Whelan, A. M., Sipo˝cz, B. M., Gu¨nther, H. M., et al.
2018, AJ, 156, 123, doi: 10.3847/1538-3881/aabc4f
Reid, M. J., & Brunthaler, A. 2004, ApJ, 616, 872,
doi: 10.1086/424960
Sanders, J. L., & Binney, J. 2014, MNRAS, 441, 3284,
doi: 10.1093/mnras/stu796
—. 2016, MNRAS, 457, 2107, doi: 10.1093/mnras/stw106
Sanders, J. L., & Das, P. 2018, MNRAS, 481, 4093,
doi: 10.1093/mnras/sty2490
Sanderson, R. E., Wetzel, A., Loebman, S., et al. 2018,
ArXiv e-prints, arXiv:1806.10564.
https://arxiv.org/abs/1806.10564
Scho¨nrich, R. 2012, MNRAS, 427, 274,
doi: 10.1111/j.1365-2966.2012.21631.x
Scho¨nrich, R., Binney, J., & Dehnen, W. 2010, MNRAS,
403, 1829, doi: 10.1111/j.1365-2966.2010.16253.x
Sellwood, J. A. 2014, Reviews of Modern Physics, 86, 1,
doi: 10.1103/RevModPhys.86.1
Sellwood, J. A., Trick, W. H., Carlberg, R. G., Coronado,
J., & Rix, H.-W. 2019, MNRAS,
doi: 10.1093/mnras/stz140
Ting, Y.-S., & Rix, H.-W. 2018, arXiv e-prints.
https://arxiv.org/abs/1808.03278
Trick, W. H., Bovy, J., D’Onghia, E., & Rix, H.-W. 2017,
ApJ, 839, 61, doi: 10.3847/1538-4357/aa67db
Trick, W. H., Coronado, J., & Rix, H.-W. 2019, MNRAS,
484, 3291, doi: 10.1093/mnras/stz209
Van Der Walt, S., Colbert, S. C., & Varoquaux, G. 2011,
ArXiv e-prints, arXiv:1102.1523.
https://arxiv.org/abs/1102.1523
Villumsen, J. V., & Binney, J. 1985, ApJ, 295, 388,
doi: 10.1086/163383
Wetzel, A. R., Hopkins, P. F., Kim, J.-h., et al. 2016,
ApJL, 827, L23, doi: 10.3847/2041-8205/827/2/L23
Widrow, L. M., Gardner, S., Yanny, B., Dodelson, S., &
Chen, H.-Y. 2012, ApJ, 750, L41,
doi: 10.1088/2041-8205/750/2/L41
Williams, M. E. K., Steinmetz, M., Binney, J., et al. 2013,
MNRAS, 436, 101, doi: 10.1093/mnras/stt1522
